Abstract. Let K X = K X 1 , . . . , X n be the free K-algebra on X = {X 1 , . . . , X n } over a field K, which is equipped with a weight N-gradation (i.e., each X i is assigned a positive degree), and let G be a finite homogeneous Gröbner basis for the ideal I = G of K X with respect to some monomial ordering ≺ on K X . It is proved that if the monomial algebra K X / LM(G) is semi-prime, where LM(G) is the set of leading monomials of G with respect to ≺, then the N-graded algebra A = K X /I is semiprimitive (in the sense of Jacobson). In the case that G is a finite non-homogeneous Gröbner basis with respect to a graded monomial ordering ≺ gr , and the N-filtration F A of the algebra A = K X /I induced by the N-grading filtration F K X of K X is considered, if the monomial algebra K X / LM(G) is semi-prime, then it is proved that the associated N-graded algebra G(A) and the Rees algebra A of A determined by F A are all semiprimitive.
Introduction
Let K X = K X 1 , . . . , X n be the free K-algebra on X = {X 1 , . . . , X n } over a field K, which is equipped with a weight N-gradation (i.e., each X i is assigned a positive degree), and let G be a finite Gröbner basis for the ideal I = G of K X with respect to some monomial ordering ≺ on K X . Consider the algebra A = K X /I, the associated monomial algebra A = K X / LM(G) of A (where LM(G) is the set of leading monomials of G with respect to ≺), the N-filtration F A of A induced by the N-grading filtration of K X , the associated N-graded algebra G(A) and the Rees algebra A of A determined by F A (see Section 3 for the definitions). In [Li2] and [Li3] , it has been proved that many structural properties of A can be transferred to A, G(A) and A (see [Li4] for more details). In this paper, we first show that if G is a finite homogeneous Gröbner basis and if the monomial algebra A is semi-prime, then the N-graded algebra A = K X /I is semiprimitive (in the sense of Jacobson). In the case that G is a finite non-homogeneous Gröbner basis with respect to a graded monomial ordering ≺ gr , if A is semi-prime, then we show that the N-graded algebras G(A) and A are all semiprimitive. Since the semiprimeness of the monomial algebra A can be determined in an algorithmic way ( [G-IL] , [G-I] ), our results are algorithmically realizable in case the algorithms given in loc. cit. are implemented on computer.
Throughout this paper, K denotes a field, algebras considered are associative Kalgebras with multiplicative identity 1, and ideals considered in an algebra are meant two-sided ideals. For a subset U of an algebra A, we write U for the ideal generated by U in A. Moreover, we use N, respectively Z, to denote the set of nonnegative integers, respectively the set of integers.
Some Known Results on Monomial Algebras
Let K X = K X 1 , . . . , X n be the free K-algebra on X = {X 1 , . . . , X n }, and B = {X
is | X i j ∈ X, α j ∈ N} the standard K-basis of K X consisting of all monomials (words) in X i j 's. For convenience, we use lowercase letters w, u, v, s, . . . to denote monomials in B. In this section we recall from [G-IL] and [G-I] how to recognize the Jacobson semiprimitivity of a finitely presented monomial algebra R = K X / Ω in a computational way, where Ω = {u 1 , . . . , u s } ⊂ B is a reduced finite subset of monomials (see the definition below) such that Ω ∩ X = ∅.
For u, v ∈ B, we say that v divides u, denoted by v|u, if u = wvs for some w, s ∈ B.
We say that a subset Ω ⊂ B is reduced if v, u ∈ Ω and v = u implies v |u.
Theorem
Let Ω = {u 1 , . . . , u s } be a reduced finite subset of B − X and R = K X / Ω . (i) ( [G-IL] , Theorem 16) The Jacobson radical J(R) of R coincides with the upper nilradical Nil(R) of R.
(ii) ( [G-I] , Theorem 2.27) R is semiprimitive (in the sense of Jacobson), i.e., J(R) = {0}, if and only if R is semi-prime, i.e., a ∈ R and aRa = {0} implies a = 0.
Let Ω = {u 1 , . . . , u s } be a reduced finite subset of B, and Ω the monomial ideal generated by Ω. Then the set of normal monomials (mod Ω ) in B is defined as
For each u i ∈ Ω, say u i = X
ir with X i j ∈ X and α j ∈ N, we write l(u i ) = α 1 + · · · + α r for the length of u i . Put
Then the Ufnarovski graph of Ω (in the sense of [Uf1] ), denoted by Γ(Ω), is defined as a directed graph, in which the set of vertices V is given by 
Since Ω is finite, the directed graph Γ(Ω) is thereby practically constructible.
Remark (i) Note that we have defined the number ℓ above as in [G-IL] . While in [G-I] this number was defined as m + 1 = max l(u i ) u i ∈ Ω . So, in the subsequent results we shall use ℓ and ℓ − 1 instead of m + 1 and m.
(ii) To better understand the practical application of Γ(Ω), it is essential to notice that a Ufnarovski graph is defined by using the length l(u) of the monomial (word) u ∈ B instead of using the degree of u as a homogeneous element in K X whenever a weight N-gradation of K X is used (see Section 3), though both notions coincide when each X i is assigned the degree 1.
Basic notions from classical graph theory fully suit an Ufnarofski graph Γ(Ω). For instance, a route of length m in Γ(Ω) with m ≥ 1 is a sequence of edges Let Γ(Ω) be as above. It follows from [Uf1] that there is a one-to-one correspondence between the monomials (words) of length ≥ ℓ − 1 in N(Ω) and the routes in Γ(Ω), that is, if u ∈ N(Ω) and u = X i 1 · · · X it with t ≥ ℓ − 1, then u is mapped to the route
where m = t − ℓ + 1, and
In [G-I] the following notions are introduced. A vertex of Γ(Ω) is called a cyclic vertex
if it belongs to a cycle. A normal monomial u = 1 (i.e., u ∈ N(Ω) − {1}) is called a cyclic normal monomial if l(u) ≤ ℓ − 1 and u is a suffix of some cyclic vertx of Γ(Ω), or, if l(u) > ℓ − 1 and the associated route R(u) of u is a subroute of some cyclic route.
Proposition
Let Ω = {u 1 , . . . , u s } ⊂ B − X be reduced, R = K X / Ω , and let J(R) be the Jacobson radical of R. q ∈ Ω for all integer q ≥ 0.
(ii) ([G-I], Corollary 2.17) u ∈ J(R) if and only if u is noncyclic, where u is the residue class representaed by u in R.
Theorem ([G-I]
, Theorem 2.21) Let the monomial algebra R = K X / Ω be as in Proposition 2.2. Then R is semiprimitive if and only if any monomial u ∈ N(Ω) with 1 ≤ l(u) ≤ ℓ is cyclic.
Remark (i) By Theorem 2.1(ii), it is clear that if R = K X / Ω is a prime ring, then R is semiprimitive.
(ii) The reader is referred to [G-IL] and [G-I] for the algorithms written for determining the semi-primeness and the primeness (and hence the semiprimitivity) of a finitely presented monomial algebra R = K X / Ω .
The Main Results
In this section, we prove the main results of this paper (Theorem 3.2, Theorem 3.3, Theorem 3.5). The Gröbner basis theory for ideals in a free K-algebra is referred to ([Ber], [Mor] , [Gr] , [Uf2] ).
To begin with, let K be a field and K X = K X 1 , . . . , X n the free K-algebra on X = {X 1 , . . . , X n }. As before the standard K-basis of K X is denoted by B. We fix a weight N-gradation for K X , that is, K X = ⊕ p∈N K X p in which, each X i has an assigned positive degree m i , 1 ≤ i ≤ n, and the degree-p homogeneous part K X p is the K-vector space spanned by all monomials of degree p. For a nonzero homogeneous element H ∈ K X p , we write d(H) for the degree of H, i.e., d(H) = p. Note that every monomial w ∈ B is a homogeneous element. If I is a graded ideal of K X (i.e., I is generated by homogeneous elements), then A = K X /I is an N-graded algebra, that is,
Moreover, let ≺ be a monomial ordering on B, i.e., ≺ is a well-ordering on B such that u ≺ v implies wus ≺ wvs, and v = wus with w = 1 or s = 1 implies u ≺ v, for all w, u, v, s ∈ B. With the monomial ordering ≺ fixed on B, each subset S of K X is associated to a subset of monomials LM(S) = {LM(f ) | f ∈ S} ⊂ B, where if f ∈ S and f = s i=1 λ i w i with λ i ∈ K and w i ∈ B such that w 1 ≺ w 2 ≺ · · · ≺ w s , then LM(f ) = w s . LM(S) is usually referred to as the set of leading monomials of S. By the classical Gröbner basis theory of K X , in principle every nonzero ideal I of K X has a nontrivial (finite or infinite) Gröbner basis G in the sense that G is a proper subset of I −{0} and LM(I) = LM (G) . A Gröbner basis G consisting of homogeneous elements of K X is called a homogeneous Gröbner basis.
In proving our main theorems, we need a fundamental result concerning the Jacobson radical of a Z-graded ring, which is due to G. Bergman (cf. [Row] ).
3.1. Theorem Let R = ⊕ n∈Z R n be a Z-graded ring and J(R) the Jacobson radical of R. Then (i) J(R) is a graded ideal of R; and (ii) if n = 0 and a ∈ R n , then 1 + a is invertible if and only if a is nilpotent.
3.2. Theorem Let K X and the monomial ordering ≺ on B be as fixed above, and let G = {g 1 , . . . , g s } be a finite homogeneous Gröbner basis for the ideal I = G , such that LM(G) ∩ X = ∅ and LM(G) is reduced (in the sense of Section 2). If the monomial algebra A = K X / LM(G) is semi-prime, then the N-graded algebra A = K X /I is semiprimitive.
Proof Let N(I) be the set of normal monomials (mod I) in B, i.e., N(I) = {w ∈ B | w ∈ LM(I) }. Then, since G is a Gröbner basis of I, N(I) = {u ∈ B | LM(g i ) |u, g i ∈ G}. If, with respect to the N-gradation of K X , H ∈ K X p is a homogeneous element of degree p, and if H ∈ I, then by the division by the homogeneous Gröbner basis G, H has a representation H = i,j λ ij w ij g j v ij + t µ t u t , where λ ij , µ t ∈ K − {0}, w ij , v ij ∈ B, g j ∈ G, and u t ∈ N(I) such that d(H) = p = d(u t ) for all t. Putting H ′ = t µ t u t and considering the nonzero homogeneous element H of degree p represented by H in A p = (K X p + I)/I, we have
Let J(A) be the Jacobson radical of the N-graded algebra A = K X /I. If J(A) = {0}, then it follows from Theorem 3.1 that J(A) is a graded ideal of A. Taking a nonzero homogeneous element of J(A), say H ∈ J(A) ∩ A p , where A p = (K X p + I)/I and H ∈ K X p , we may replace H by H ′ as in (1) above. Without loss of generality we assume that LM(H ′ ) = u 1 with respect to ≺. Our aim below is to show that (•) the normal monomial u 1 is noncyclic, thereby u 1 ∈ J(A) by Proposition 2.2, where u 1 is the residue class represented by u 1 in A.
Assume the contrary that u 1 is cyclic (see Section 2 for the definition). Then, by Proposition 2.2, there is a monomial v ∈ B such that (
On the other hand, writing v for the residue class represented by v in A, we have
As H ′ v is again a homogeneous element of J(A), it follows from Theorem 3.1 that H ′ v m = 0 for some integer m > 0. Hence, (H ′ v) m ∈ I and this gives rise to
Clearly, (3) contradicts (2). Therefore, u 1 is noncyclic and consequently u 1 ∈ J(A), proving the claim (•). Finally, suppose that the monomial algebra A = K X / LM(G) is semi-prime. Then it follows from Theorem 2.1(ii) that A is semiprimitive and hence J(A) = {0}. By the above argument, we conclude that J(A) = {0}; otherwise, by the claim (•), there would be a normal monomial u 1 ∈ N(I) such that u 1 ∈ J(A) = {0} and hence, u 1 ∈ LM(G) , which is a contradiction. This shows that A is semiprimitive.
Let I be an arbitrary proper ideal of K X , A = K X /I. Consider the natural N-grading filtration F K X = {F p K X } p∈N of K X determined by a fixed weight Ngradation for K X , that is, F p K X = ⊕ q≤p K X q for p ∈ N. Then A has the natural N-filtration F A = {F p A} p∈N induced by the N-grading filtration F K X , where F p A = (F p K X +I)/I for p ∈ N, and A has the associated N-graded algebra
In case I is a graded ideal of K X , it is clear that G(A) ∼ = A as N-graded algebras.
We also recall that any total ordering ≺ on B induces an ordering ≺ gr on B subject to the rule: For u, v ∈ B,
where d( ) is the degree function on the homogeneous elements of K X . If ≺ gr is a monomial ordering on B, then ≺ gr is called an N-graded monomial ordering, for instance, the commonly used N-graded lexicographic ordering on B.
3.3. Theorem With notation as before, let ≺ gr be an N-graded monomial ordering on B with respect to a fixed weight N-gradation of K X , and let G = {g 1 , . . . , g s } be a finite (but not necessarily homogeneous) Gröbner basis for the ideal I = G , such that LM(G) ∩ X = ∅ and LM(G) is reduced (in the sense of Section 2). Consider the algebra A = K X /I. If the monomial algebra A = K X / LM(G) is semi-prime, then G(A) is semiprimitive.
Proof Let LH(G) = {LH(g i ) | g i ∈ G} be the set of N-leading homogeneous elements of G with respect to the fixed weight N-gradation of K X , that is, LH(g i ) = H p if g i = H 0 + H 1 + · · · + H p with H j ∈ K X j and H p = 0. Since we are using an N-graded monomial ordering ≺ gr , it follows from ([LWZ], Theorem 2.3.2) or ([Li2], Proposition 3.2) that LH(G) is a Gröbner basis for the graded ideal LH(G) of K X , and that
as N-graded algebras. Furthermore, under the N-graded monomial ordering ≺ gr we have LM(G) = LM(LH(G)). Hence the N-graded algebra K X / LH(G) has the associated monomial algebra A = K X / LM(G) . Consequently, our assertion follows from Theorem 3.2 and the isomorphism given above. Now, we turn to the Rees algebra A of the N-filtered algebra A = K X /I, where I is an arbitrary proper ideal of K X , the N-filtration F A = {F p A} p∈N for A is as constructed before Corollary 3.3, and A is defined as the N-graded algebra A = ⊕ p∈N F p A with the multiplication induced by F p AF q A ⊆ F p+q A for all p, q ∈ N. The relations between A, G(A) and A are given by the algebra isomorphisms A ∼ = A/ 1 − Z and G(A) ∼ = A/ Z , where Z is the homogeneous element of degree 1 in A 1 = F 1 A represented by the multiplicative identity element 1 of A. Because of these relations, the structure of A is closely related to the study of the homogenized algebra of an algebra defined by relations, the regular central extension and the PBW-deformation of an N-graded algebra defined by relations (cf. [LWZ] , [Li1] , [Li2] ).
Consider the free K-algebra K X, T = K X 1 , . . . , X n , T in which each X i has the same positive degree as fixed in K X , and we assign d(T ) = 1. Write B for the standard K-basis for K X, T . If ≺ gr is some N-graded lexicographic ordering on the standard K-basis B of K X , then ≺ gr extends to a N-graded lexicographic ordering ≺ T -gr on B subject to T ≺ T -gr
the non-central homogenization of f with respect to T is the homogeneous element
Clearly, LM(f ) = LM( f ), where LM(f ) is taken with respect to ≺ gr on B and LM( f ) is taken with respect to ≺ T -gr on B. If I is an ideal of K X , then we put
and call I , the graded ideal of K X, T generated by I, the non-central homogenization ideal of I in K X, T with respect to T .
Proposition
With notation as fixed above, let I be an ideal of K X and G ⊂ I.
The following statements are equivalent.
(i) G is a Gröbner basis for I with respect to ≺ gr on B.
(
is a homogeneous Gröbner basis for I with respect to ≺ T -gr on B.
(iii) The set of normal monomials (mod I ) in B, with respect to ≺ T -gr , is given by
where N(I) is the set of normal monomial (mod I) in B with respect to ≺ gr .
Proof The equivalence (i) ⇔ (ii) is a strengthened version of ( [LWZ] , Theorem 2.3.2 (i) ⇔ (ii)), of which a detailed proof was given in [LS] .
K X, T / I = ⊕ p∈N (K X, T p + I )/ I . Then the nonzero homogeneous element H of degree p represented by H in (K X, T p + I )/ I has the representation
Moreover, By the above (1), if LM(H ′ ) = T r 1 u 1 with respect to ≺ T -gr , then
By the definition of I, it is not difficult to verify that the map
is well defined, and that ψ is a K-algebra epimorphism. If, as described in (2) above,
is a nonzero homogeneous element of degree p in K X, T / I , then since u i ∈ N(I) and conventionally the ideal I considered is a proper ideal, we have
By ( [LWZ] , [Li1] , [Li2] ), A ∼ = K X, T / I as N-graded algebras, that is, the algebra isomorphism gives rise to isomorphisms of K-vector spaces
Identifying A with K X, T / I , we now proceed to deal with the Jacobson radical J( A) of A. If J( A) = {0}, then J( A) is a graded ideal of A by Theorem 3.1. Taking a nonzero homogeneous element of J( A), say H ∈ J( A) ∩ A p , where A p = (K X, T p + I )/ I and H ∈ K X, T p , we may replace H by H ′ as in (2) above. Without loss of generality we assume that LM(H ′ ) = T r 1 u 1 . Our aim below is to show that ( * ) the normal monomial u 1 is noncyclic, thereby u 1 ∈ J(A) by Proposition 2.2, where u 1 is the residue class represented by u 1 in A.
Assume the contrary that u 1 is cyclic (see Section 2 for the definition). Then, by Proposition 2.2, there is a monomial v ∈ B such that (u 1 v) q ∈ LM(G) for all q ∈ N, or equivalently, (u 1 v) q ∈ N(I) for all q ∈ N, in particular u 1 v ∈ N(I).
On the other hand, H ′ v = H ′ v ∈ J( A). As H ′ v is again a homogeneous element of J(A), it follows from Theorem 3.1 that H ′ v m = 0 for some integer m > 0, i.e., (H ′ v) m ∈ I .
Furthermore, put H ′′ = i λ i u i v. By the foregoing (3), LM(H ′′ ) = u 1 v with respect to ≺ gr . Since ψ(H ′ ) = 0 and u 1 v ∈ N(I) by (4) and (5), we have ψ(H ′ v) = H ′′ = 0 in A. But it follows from (6) that H ′′ is a nilpotent element in A, i.e.,
Hence, (H ′′ ) m ∈ I and this gives rise to
Clearly, (8) contradicts (5). Therefore, u 1 is noncyclic and consequently u 1 ∈ J(A), proving the claim ( * ). Finally, suppose that the monomial algebra A = K X / LM(G) is semi-prime. Then it follows from Theorem 2.1(ii) that A is semiprimitive and hence J(A) = {0}. By the above argument, we conclude that J( A) = {0}; otherwise, by the claim ( * ), there would be a normal monomial u i ∈ N(I) such that u 1 ∈ J(A) = {0} and hence, u 1 ∈ LM(G) , which is a contradiction. This shows that A is semiprimitive.
We end this paper by the following Open question Let the K-algebra A = K X / G be as in Theorem 3.5. If the monomial algebra A = K X / LM(G) is semi-prime, is A semiprimitive?
